
ABSTRACT

Each individual echo received by the altimeter is affected by thermal noise and speckle noise, which is typically reduced by 
averaging, assuming pulse-to-pulse statistical independence between echoes. The actual number of independent pulses (ENL) 
depend on range gate and the geophysical parameters. Expression to estimate the ENL have been derived (Halimi et al., 2013). 
Hence, considering the central limit theorem over a sufficiently large number of echoes, the resulting noise can be approximated by 
a Gaussian distribution                                  , the mean μ representing the thermal noise and 𝝨 being a diagonal covariance matrix 
with diagonal elements

where the denominator corresponds to the ENL. 

2. THE OBSERVATION MODEL

Classical regularisation
● Tikhonov regularisation. If 𝝷∼N (0, γ2I ), and 𝝨 diagonal with constant 𝝈2 

values, then 

where specific methods can be employed to select the optimal regularisation 
parameter λ = 𝝈/γ.

Some of the key factors are:
● the description of the measured signal through proper waveform 

modeling;
● the well-reasoned interrelation between model and 

measurements, including suitable statistical modeling of the 
errors  (e.g., Mangilli et al., 2024), in the form of an observation 
model;

● the appropriate selection of the framework that serves to invert 
the problem, that is, to reformulate the inverse problem as an 
optimization problem (fitting).

This work presents developments of an open ocean altimetric 
delay/Doppler numerical retracker that allows for the use of the CAL1 
Sentinel-6 Point Target Response (PTR) (Granados et al., 2024) from

Improvements to the in-house numerical retracker were made including mispointing angle modeling, and different inversion methods have been explored, focusing on regularisation. Both robust methods and weighted 
least-squares (MLE) have shown superior performances over an analytical retracker with least-squares fitting. Further processed data is required to perform an in-depth analysis of the methods, and the implementation 
of advanced prior modeling as well as classical regularisation is expected to reduce noticeably the effect of the noise amplification the retrieved parameters.

4. CONCLUSIONS

4. RESULTS

Fig. 2.1 Hs estimates. Fig. 2.2. SSH estimates. Fig. 2.3. Noise levels of Hs with numerical ISR (robust statistics).
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Improvements of a delay/Doppler altimetry retracker: 
from modeling to inversion

The inversion problem of retracking consists on finding the geophysical parameters that best describe the 
sea surface on a particular location by formulating an observation model, that is, a model that accounts for 
the interrelation between the altimetric measurements (radar scattered waveforms) and a power waveform 
mode. The solution is then a set of geophysical parameters that best describe the sea surface on a 
particular location. The success of the solution of the inverse method relies on multiple factors, specially 
for physically-based problems which are typically ill-posed, that is, the solution is highly sensitive to 
perturbations in the measurements,  which might be drastically amplified.

The numerical retracker (numericalISR) has been analysed over an open ocean region characterised by 
low-average sea states. Performances for weighted least-squares (WLS), and robust statistics (rob) have 
been evaluated. The reference data are retrieved from Level-2 (L2) EUMETSAT operational products, 
corresponding to an analytical retracker (EUM), and a numerical retracker (numericalEUM). For the sake 

Power waveform model

Statistical modeling of the errors

3. PROBLEM INVERSION

The statistical inverse problem

Maximum likelihood estimates (MLE)
The likelihood function represents how likely it is to obtained the measured signal 
given a set 𝝷 as

● Least-squares. If 𝝨(𝝷) is the identity matrix, then the (unregularised!) MLE is

● Weighted least-squares. If 𝝨(𝝷) is diagonal and different from identity, then

Robust methods
These can mitigate noise amplification with ad hoc transforms,
e.g,

Frequentist methods

Bayesian methods - theoretical development
Via Bayes' theorem, the solution is the posterior probability density defined as

Prior information on the unknown is coded in ᴨpr(𝝷), performing regularisation.

Priors modeling
Assume  - Gaussian second derivative priors for the parameters 𝝷 (smoothness),
               - Gaussian priors for the thermal noise,
               - Jeffrey's prior for 𝝨 (Halimi et al., 2016).

the waveform and error modeling perspective, as well as inversion procedures'. Improvements of the 
modeling error are tackled by inclusion of the satellite mispointing in the flat surface impulse response 
function. Regarding the measurement noise, statistical inversion theory is explored in order to mitigate its 
impact, giving continuity to the work in (Halimi et al., 2015). 

The fundamental task of ocean topography monitoring is performed by constant analysis of long 
time series of a number of geophysical parameters describing the sea surface, which demands 
strict thresholds of observational error measures. These parameters are estimated by minimising 
the discrepancies between the predictions done by an obervation model of the returned altimetric 
waveform and the actual measured waveform (retracking), that is, by solving an inverse problem. 
This work is devoted to providing improvements of an in-house numerical retracker of the 
altimetric delay/Doppler backscattered echo to reduce discrepancies due to modeling errors by 
introducing antenna mispointing, as well as strategies to mitigate the measurement noise 
amplification in the inversion procedure.

In statistical inversion theory, all variables included in the model are considered to be random variables, and the information related 
to their realizations is denoted by lowercase letters. Given a measured waveform 𝞇, the aim is to find 𝝷 such that  

The solution of a statistical inverse problem comes with probability density function ᴨ(·) conditioned to the knowledge on the data 
and incorporates regularisation factors to mitigate the error amplification in ill-posed problems. 

For a geophysical parameters' vector                         , the average return power waveform  P(t, l; 𝝷) as a function of the two-way 
incremental time and the Doppler index can be expressed as a convolution of the PTR with the average surface impulse response 
of a rough surface. The modeled multilloked power waveform                                               at range gate j can be expressed as

where PDC
mask(t, l; 𝝷) is the discrete average return power waveform after delay compensation, stack masking, and mispointing 

dependency modeling as in (Halimi et al., 2015), and Np is the number of looks in the stack.

of comparison, results corresponding to the in-house analytical retracker with least-squares fitting are also shown (analyticalISR 
LS). The precision is measured with the 20 Hz standard deviation <σ>. Fig. 2.1-2.2 show the time series of retrieved Hs and 
SSH corresponding to pass 222, cycle 124. Fig. 2.3 shows the noise levels of Hs for 3 months of data. Major improvement is 
achieved for Hs estimates with the robust methods with respect to the analytical retracker (LS) in terms of accuracy. Similarly, 
precision measures appear to show superiority of the robust method with respect to WLS, as well as to the EUM numerical. 


