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1 Summary
We deal with the inverse problem for estimating the magnetic field at the
core-mantle boundary (CMB) from the time-varying geomagnetic core
field observed on the Earth’s surface. This ill-posed problem is refor-
mulated as an iterative upward continuation approach for the successive
update of the magnetic field at the CMB. The non-uniqueness of a solu-
tion is controlled by a starting guess of the magnetic field at the CMB.
The iterations are stopped when the time variations of the updated so-
lution exceeds a threshold. The gradient of a misfit is calculated by the
so-called adjoint sensitivity method. We consider the mantle with an
electrical conductivity varying both in radial and horizontal directions
and estimate the effect of a 3D conducting mantle on the amplitudes and
a backward time shift of poloidal magnetic field at the CMB with respect
to observations on the Earth’s surface.
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3 BVP for EM induction in the mantle
Magnetic diffusion equation for divergence-free B:
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• External boundary condition

G
(e)
jm(t) = 0 outside G

• Continuity on the Earth’s surface

B = B0 on ∂S

•Magnetic field in the mantle is generated by Dirichlet’s boundary con-
dition at the CMB,

n×B = b∂C on ∂C

• Initial condition
B|t=0 = 0 in G.

Important. The boundary-value data b∂C contain both the internal MF
generated by electric currents in the core and the external MF generated
by induced electric currents in the mantle.

4 Input Kalmag geomagnetic field model
We choose the Kalmag geomagnetic core field model (Baerenzung et al.,
2020) with the time interval 1900–2024, the time step of 0.5 years and
the cut-off degree jmax = 13 because the time series is sufficiently long
to handle the transition and edge effects safely. The time dependence is
represented using a basis of order 6 B-splines.

5 Input radial electrical conductivity profiles
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Figure 2. • Model A, with conductivity profile σA(r), is given by L2
radial conductivity model AA17 (Grayver and Olsen, 2017), which sum-
marises the results of electromagnetic induction studies for estimating
the radial electrical conductivity structure of the mantle from time vari-
ations of the magnetic field of external origin. To account for various
processes which may result to a highly conducting layer at the bottom
of the mantle, (Holme, 2007), the model A contains a layer of 10 km
thickness and conductivity of 104 S/m above the CMB.
• Conductivity profile σB(r) (Martinec, 2025) is estimated based on the
thermal and compositional structure of the mantle and the electrical con-
ductivity data for the major lower-mantle minerals, namely, bridgmanite
and ferropericlase. Model σB additionally contains a high conductiv-
ity 300 km thick layer above the CMB for the post-perovskite electrical
conductivity (Ohta et al., 2008).

6 The 6th-order B-spline representation of
boundary data

Vector spherical harmonic representation of b∂C

b∂C =
∑
jm

 b
j
∂C,jm(t)︸ ︷︷ ︸

related to poloidal MF

Y
j
jm(Ω) + b

(1)
∂C,jm(t)︸ ︷︷ ︸

related to toroidal MF

Y
(1)
jm (Ω)


The time-dependent SH coefficients are approximated in time by the 6th-
order B-splines

b
j
∂C,jm(t; ~p) =

nmax∑
n=1

pnjm ζn(t), b
(1)
∂C,jm(t; ~p) =

2nmax∑
n=nmax+1

pnjm ζn(t),

The B-spline coefficients pnjm are arranged in a vector

~p =
{
pnjm|∀j,m, λ, n

}
7 The misfit and its gradient
Misfit

χ2(~p) =
a

2T

∫ T

t=0

∫
∂S

[
n ·∆B(a,Ω, t; ~p)

]2
dΩdt

Residuals in radial MF

n ·∆B(a,Ω, t; ~p) = n ·Bobs(a,Ω, t)− n ·B(a,Ω, t; ~p)

A solution of the inverse problem, min~p χ
2(~p), is searched by the con-

jugate gradient (CG) method. The gradient of misfit is computed by the
adjoint state method.

8 Stopping criterion of CG iterations: trade-
off curve
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⇒An optimal number of iterations for low and higher degrees is∼ 7–10.
We chose 15.

9 Horizontal MFs on the surface (top) and at
the CMB (bottom)
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10 MF at the CMB in the year 1980
• the beginning of the year 1980, jmax = 10
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11 The surface distribution of the delay times
of secular variations
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12 A synthetic Pacific/African superplume
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The activation energy ∆H
(Xu et al., 1998; Sinmyo
et al., 2014, Yoshino et al.,
2008, 2012)
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d > 660 0.70

13 The temporal variations of magnetic en-
ergy density differences at the CMB

The energy density difference (J/m3) = difference between magnetic
fields at the CMB computed for (i) the 3D mantle plume conductivity
model and the radial conductivity model A and (ii) the radial conductiv-
ity model A and B, respectively
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14 Differences between 3D and 1D at CMB
• the beginning of the year 1980, jmax = 10
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15 Induced toroidal MF at CMB
• the beginning of the year 1980, jmax = 10
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16 Conclusions
• The differences between the MF components at the CMB, inverted for

the conductivity models A and B, are of the order of 2-4% of the field
itself. For both models, the radial magnetic field, if it passes through
the mantle, is delayed by at most 1 year.

• The poloidal and toroidal magnetic MFs at the CMB are changed due
to two superplumes by approximately 40,000 nT (i.e., by 5% of the MF
for 1D conductivity model) and 5,000 nT in the superplume regions,
respectively.

• The change in the radial MF at the CMB due to the two superplumes
is very slightly smaller in magnitude than the change in the radial MF
at the CMB if the inversion for the radial conductivity model A is
replaced by the inversion for model B.

• The superplumes delay the secular variations of the horizontal MF by
1 – 3 years when it passes through the mantle, while the radial MF is
delayed by at most 1 year.
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